Magnetization hysteresis loops and the ac susceptibility, χ = χ ′ + iχ ′′ , of a superconducting thin disk are calculated in the critical-state model assuming a field-dependent critical current density, Jc(B). The results are obtained by solving numerically the set of coupled integral equations for the flux and current distributions [PRB 60, 13112 (1999)] for a disk placed in a perpendicular applied field Ba. From the magnetization curves the range of fields where the vertical width of the loop, ∆M (Ba), relates directly to Jc(Ba) is determined. The susceptibility is analyzed in the limits of small and large ac-field amplitudes Bam, and also as a parametric relation χ ′′ (χ ′ ). Comparing our results with experimental data for χ ′′ (χ ′ ) shows that by taking the B-dependence of Jc into account the agreement improves dramatically, in particular at small |χ ′ | (large field amplitudes). We show that the asymptotic behavior for large Bam changes from χ ′ ∝ B am for Jc decreasing with |B| as |B| −1 or faster. For small Bam the behavior can always be described by an effective Bean model with a renormalized Jc. We also find that in the χ ′′ (χ ′ ) plot the peak of χ ′′ increases in magnitude and shifts towards χ ′ = 0 when Jc decreases with |B|. This allows an easy experimental discrimination between a Bean model behavior, one with Jc(B), and one where flux creep is an ingredient.
I. INTRODUCTION
The critical state model (CSM) is widely accepted as a powerful tool in the analysis of magnetic properties of type-II superconductors. In the parallel geometry, i.e., for long samples like slabs and cylinders placed in a parallel magnetic field, an extensive amount of theoretical work has already been carried out. Exact results for flux density profiles, magnetization, 1-4 ac susceptibility [4] [5] [6] etc., have been obtained for a number of different fielddependent critical current densities. During the last years even more attention has been paid to the CSM analysis in the perpendicular geometry, i.e., for thin samples in perpendicular magnetic fields. Assuming a constant critical current (the Bean model), explicit analytical results have been obtained for a long thin strip 7, 8 and a thin circular disk. [9] [10] [11] [12] From experiments, however, it is well known that also in such samples the critical current density j c usually depends strongly on the local flux density B. Due to the lack of a proper theory, this dependence often hinders a precise interpretation of the measured quantities.
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In the perpendicular geometry, the ac susceptibility beyond the Bean model has been calculated only by carrying out flux creep simulations 18, 19 assuming a power-law current-voltage relation with a large exponent. However, quite recently an exact analytical approach was developed for the CSM analysis of a long thin strip 20 and thin circular disk. 21 In both cases a set of coupled integral equations was derived for the flux and current distributions. In the present paper we solve these equations numerically for the thin disk case, and calculate magnetization hysteresis loops as well as the complex ac susceptibility. Results for several commonly used j c (B) dependences are presented.
The paper is organized as follows. In Sec. II we give a short description of the exact solution for the disk problem. In Sec. III, magnetization hysteresis loops are calculated and the relation between the width of the loop and j c is discussed. The results for the complex ac susceptibility are presented in Sec. IV and analysed with emphasis on the asymptotic behavior at small and large field amplitudes. Finally, Sec. V gives the conclusions.
II. EXACT SOLUTION
Consider a thin superconducting disk of radius R and thickness d, where d ≪ R. We assume either that d ≥ λ, where λ is the London penetration depth, or, if
In the latter case the quantity λ 2 /d plays a role of two-dimensional penetration depth. 22 We put the origin of the coordinates at the disk center and direct the z-axis perpendicularly to the disk plane. The external magnetic field B a is applied along the z-axis, and the z-component of the field in the plane z = 0 is denoted as B. The current flows in the azimuthal direction, with a sheet current denoted as J(r) =
where j is the current density.
A. Increasing field
We begin with a situation where the external field B a is applied to a zero-field-cooled disk. The disk then consists of an inner flux-free region, r ≤ a , and of an outer region, a < r ≤ R, penetrated by magnetic flux.
In the CSM with a general J c (B) the current and flux density distributions in a disk are given by the following coupled equations
Here
, while K and E are complete elliptic integrals. In the case of constant J c , these equations reduce to the exact Bean-model formulas derived in Refs. 10 and 11.
Note that the calculation can be significantly simplified at large external field where a → 0, and the critical state J(r) = J c [B(r)] is established throughout the disk. The distribution B(r) is then determined by the single equation
following from Eq. (2).
B. Subsequent field descent
If B a is reduced, after being first raised to some maximum value B am , the flux density will decrease in the outer part, a ≤ r ≤ R, and remain trapped in the inner part, see Fig. 1 . We denote the flux front position, the current density and the field distribution at the maximum field as a m , J m (r) and B m (r), respectively. Evidently, J m (r), B m (r), and a m satisfy Eqs. (1)- (3) .
Let the field and current distributions during field descent be written as
The relation betweenB(r) andJ(r) then reads
where we defined
Again, setting J c =const, these equations reproduce the Bean-model results.
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If the field is decreased below −B am the memory of the state at B am is completely erased, and the solution becomes equivalent to the virgin penetration case. If the difference B am − B a is large enough then one can again use Eq. (4), only with the opposite sign in front of the integral.
Given the J c (B)-dependence, a complete description of any magnetic state is now found by solving the equations numerically. An efficient iteration procedure is described in Ref. 21 . 
III. MAGNETIZATION
The magnetization of a disk is defined as the magnetic moment, π R 0 r 2 J(r) dr, per unit volume. Due to symmetry the magnetization is directed along the zaxis. In a fully penetrated state described by the Bean model with critical current J c0 , the magnetization equals M 0 = J c0 R/3d. It is convenient to use M 0 for normalization, i.e.
The magnetization can be calculated using the current profiles obtained by the procedure described in the previous section. Shown in Fig 
. (12) A striking manifestation of the B-dependence is a peak occuring at small B a . The calculations show that for any choice of the parameter B 0 , the peak is always located at negative B a on the descending branch of the major loop. Such a peak position at negative B a is a typical feature also in the parallel geometry.
1-3 However, it contrasts the case of a thin strip in perpendicular field, where it was shown analytically 23 that for any J c (B)-dependence the peak is located exactly at B a = 0.
In the Bean model, there is a simple relation between the critical current and the width ∆M of the major magnetization loop,
The same expression is often used to determine J c from experimental ∆M data even when the width of the observed loop is not constant. As discussed in Refs. 1-3 the applicability range of such a procedure is limited. In the parallel geometry a simple proportionality only applies for B a larger than the full penetration field. For the thin disk case the field range where J c ∝ ∆M can be estimated from our calculations. Figure 3 shows J c (B) inferred from the magnetization loop using Eq. (13), together with the actual J c (B). One can see that at fields larger than the characteristic field
there is essentially no distinction between the two curves. We find that this holds independently of B 0 and also for other J c (B) models. Therefore, also for the present geometry the B-dependence of J c can be inferred directly from ∆M (B a ), except in the low-field region. Here the correct J c (B) can be obtained only by a global fit of the magnetization curve. The Bean-model virgin magnetization for a thin disk can be expanded in B a as 11, 19 
where χ 0 = 8R/3πd is the Meissner state susceptibility. Our numerical calculations show that the same expansion also holds for B-dependent J c , only with an effective value B eff c satisfying
We find that if B 0 /B c ≥ 0.5 the parameter α = 0.50 for the exponential model, and α = 0.43 for the Kim model. In the parallel geometry the low-field expansion has an additional B 2 a term which is not affected by the J c (B) dependence.
3 Thus, the deviation from the Meissner response at small B a is there insensitive to J c (B).
This result contrasts the case of perpendicular geometry where due to demagnetization effects, a B-dependence of J c affects the flux behavior even in the limit of low fields, see discussion in Ref. 21 . 
IV. COMPLEX AC SUSCEPTIBILITY A. Basic expressions
The hysteretic dependence of the magnetization M as the applied field B a is cycled leads to ac losses. The energy dissipation per cycle of B a is
per unit volume. According to the critical state model,
Thus, the losses are given by the area of the magnetization hysteresis loop, M dB a . It is conventional to express the ac response through the imaginary and real parts of the so-called nonlinear magnetic susceptibility.
13 If the applied field is oscillated harmonically with amplitude B am , i.e., B a (t) = B am cos ωt, the magnetization is also oscillating with the same period. The complex susceptibility is then defined by the coefficients of the Fourier series of the in general anharmonic M (t), where the real and imaginary parts are given by
The dissipated energy, W , is determined by the response χ ′′ n at the fundamental frequency, namely
Below we shall also analyze the real part of the susceptibility at the fundamental frequency, χ ′ ≡ χ ′ 1 , which can be expressed as
The χ ′′ (B am ) and χ ′ (B am ) are calculated from these expressions using M (B a ) obtained by the previously described procedure with B am covering a wide range of amplitudes. For convenience, we normalize the susceptibilities to the Meissner state value χ 0 = 8R/3πd. As seen from Fig. 4 , the response χ ′′ shows a maximum as a function of the field amplitude. Such a maximum is in fact a common feature in all geometries. For the Bean model for a long cylinder the peak is known to occur when B am is equal to the full penetration field. In the perpendicular geometry the interpretation of the peak position is not so simple. Even in the Bean model for a thin disk only numerical results are available 11 : the peak value equals χ ′′ max = 0.24 and occurs at an amplitude of B am = 1.94B c , corresponding to the penetration 1 − a m /R = 72%. We find that the B-dependence of J c leads to a slight increase both in a m and in the peak magnitude. For example, the numerical results for the Kim model with B c = B 0 give χ ′′ max = 0.29 and 1 − a m /R = 70%. The difference between various J c (B) models becomes more distinct if one analyses the asymptotic behavior at small and large field amplitudes, as shown below.
B. Low-field behavior
At small field amplitudes the Bean model gives the exact expressions 11, 19 
Shown in Fig. 5 are our numerical results for χ ′′ for the exponential model. From the log-log plot it is clear that the quadratic dependence on B am retains as in Eq. (21) only with a modified coefficient. Moreover, we find that also χ ′ can be described by the Bean model expression Eq. (20) 
when B 0 /B c ≥ 1 with α = 0.42 for the exponential model, and α = 0.36 for the Kim model. Interestingly, the same effective description was found for the flux penetration depth a, 21 whereas it deviates from the description of the virgin magnetization, Eq. (16). 
C. High-field behavior
The high-field behavior of the dissipated energy W is shown in Fig. 6 for a variety of J c (B) dependences. We choose to plot W rather than χ ′′ because the difference between the asymptotic behavior in the various models becomes more evident. One sees from the figure that for large B am the Bean model yields W ∝ B am . The exponential model shows saturation, whereas one finds after a closer inspection that the Kim model leads to a logarithmic increase. These behaviors can be understood by considering the fact that for large amplitudes the disk is fully penetrated and B(r) ≈ B a . Therefore, M (B a ) ∝ J c (B a ), and one obtains W ∝ Bam J c (B) dB. am . In order to understand this power-law behavior let us rewrite Eq. (19) as
where
The integrand has different estimates in the regions I, II, and III indicated in Fig. 8 . Therefore we divide the interval of integration correspondingly, χ
am at large B am . In region II (B a ≫ B c ) we use that
where B i is the field created by the current. Expanding this expression one has
Then using the further simplification that dr r 2 B i (r) ∝ J c (B a ), one obtains These power-laws fully agree with our numerical calculations shown in Fig. 7 . The expression 24 gives the exact values for the exponent found for the Bean model (s = 0), the Kim (s = 1) and exponential (s = ∞) models and even for the J c (B) with s = 1/2. Note however, that this asymptotic behavior is sometimes established only at rather low values of |χ ′ |, see curve 4 in Fig. 7 . Therefore one should be very careful in interpretation of corresponding experimental log-log plots.
It should be specially emphasized that the presented analysis for the high-field asymptotic behavior is not restricted to a thin disk. In fact, we expect the result (24) to be valid in any geometry. This result is also in agreement with numerical calculations for long samples described by the Kim and the exponential model. In contrast to graphs of χ as a function of the field amplitude or temperature, a plot of χ ′′ versus χ ′ contains only dimensionless quantities, and is therefore very useful for analyzing experimental data 14, 15 . In practice, such a parametric plot χ ′′ (χ ′ ) can be obtained by scans either over the magnetic field amplitude or over the temperature. Figure 9 presents the χ ′′ (χ ′ ) plot of the data shown in Fig. 4 . We observe that a B-dependence of J c gives a significant distortion of the graph. Compared to the Bean model one finds that: (i) the maximum is shifted to higher values of χ ′′ ; (ii) it occurs at smaller values of −χ ′ ; (iii) in the limit of large B am (or high temperatures) χ ′′ falls to zero more abruptly. Meanwhile, at small B am , as χ ′ → −1, the slope of χ ′′ (χ ′ ) curve remains the same as in the Bean model, namely,
This result holds for any J c (B). It also follows from the previous analysis showing that at low fields both χ ′ and χ ′′ are modified by J c (B) in the same way. The universal slope given by Eq. (25) allows one to examine if experimental data are described by the critical state model without a priori knowledge of the actual J c (B) dependence for the sample.
The presented χ ′′ (χ ′ ) plots for a disk in a perpendicular field should be compared to similar plots for the long samples in a parallel field studied systematically in Ref. 5 . As expected, the Bean-model curve for a thin disk shown by the dashed line in our Fig. 9 appears quite different from the Bean-model curves for long samples shown in Fig. 7(a,b) of Ref. 5 . Meanwhile, further analysis of these figures shows that the account of a B-dependent J c always leads to very similar distortions of the χ ′′ (χ ′ ) plots. Namely, in all geometries the χ ′′ peak increases in magnitude and shifts towards χ ′ = 0. Note that such a behavior is found when the characteristic field B 0 of the J c (B)-dependence is larger or of the order of B c . For B 0 ≪ B c this behavior may change qualitatively. In particular, in the parallel geometry, the peak position, χ ′ max , becomes a nonmonotonous function of B 0 .
5 However, the case of B 0 ≪ B c is not very realistic for a thin disk since B c is proportional to the sample thickness while B 0 is usually taken as geometry-independent. It is interesting to compare our χ ′′ (χ ′ ) plots to the ones obtained by calculations based on a non-linear currentvoltage curve, j ∝ E 1/n , n < ∞. Shown in Fig. 10 Finally, we compare in Fig. 11 our theoretical results to available experimental data on the susceptibility of YBaCuO films. 14, 15, 24 The shown data were obtained by reading selected points in the graphs found in the literature. It is evident that the poor fit by the Bean model (dashed curve) is greatly improved by the curve (full line) calculated for a B-dependent J c . Whereas the agreement is better throughout the χ ′′ (χ ′ ) plot, it is especially evident at small |χ ′ | (large field amplitudes), where the J c (B)-dependence plays a major role. There is still a discrepancy in the low-field region, where all experimental points do not follow the universal CSM slope given by Eq. 25. The deviation can be caused by a flux creep leading to a steeper slope. 18, 19 This suggestion can be checked experimentally by analyzing χ ′′ (χ ′ ) plots obtained at different temperatures. 
V. CONCLUSION
Magnetization and ac susceptibility of a thin superconducting disk placed in a perpendicular magnetic field were analyzed in the framework of the critical state model where J c depends on the local flux density. We solved numerically the set of coupled integral equations for the flux and current distributions, and from that calculated magnetization hysteresis loops as well as the susceptibility, χ = χ ′ + iχ ′′ . The results, which were obtained for several commonly used J c decreasing with |B|, allowed us to determine the range of fields where the vertical width of the major magnetization loop, ∆M (B a ), is directly related to J c (B a ).
We have shown that at small fields the virgin magnetization and complex susceptibility have the same dependence on B a as for the Bean model, although with different coefficients. For large ac amplitudes, B am , the behavior of the ac susceptibility changes from χ ′ ∝ B . The results for the high-field behavior of the susceptibility are expected to be valid for superconductors of any geometry.
A most convenient test for critical-state models is provided by an analysis of the χ ′′ (χ ′ ) plot. We conclude that the asymptotic behavior at χ ′ → −1 is universal for the CSM with any J c (B). On the other hand, flux creep can affect this behavior. The peak in χ ′′ at χ ′ = −0.38 predicted by the Bean model was found to be shifted toward χ ′ = 0 due to the B−dependence in J c , and toward χ ′ = −1 because of flux creep.
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